Making use of Weierstrass's theorem and Chebyshev's theorem and referring to the equations of state of the scaled-particle theory and the Percus-Yevick integration equation, we demonstrate that there exists a sequence of polynomials such that the equation of state is given by the limit of the sequence of polynomials. The polynomials of the best approximation from the third order up to the eighth order are obtained so that the Carnahan-Starling equation can be improved successively. The resulting equations of state are in good agreement with the simulation results on the stable fluid branch and on the metastable fluid branch.
I. INTRODUCTION
As is well known, the intermolecular potential plays a decisive role for the occurrence of phase transitions [1] . The attractive part of the intermolecular potential is necessary for the occurrence of the gas-liquid phase transition while the short range repulsive part is responsible for the occurrence of the liquid-solid phase transition. The simplest models exhibiting the fluidsolid phase transition are the hard-sphere models which have merely excluded volume interactions [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . At sufficiently low temperatures quantum effect is not negligible [12] . Researchers have found experimentally that the behaviors of colloidal spheres coated with poly-12-hydroxystearic acid are very close to the hard-sphere interactions [13] . Hence nowadays we no longer regard hard-sphere models as artificial models. There exists a long history for the studies of hard-sphere models. As early as in 1936, Tonks obtained an exact solution of one-dimensional hard-sphere models [2] . Unfortunately, no exact solution exists for higher dimensions. Researchers have used analytical, numerical, and experimental methods to study the models.
Since the reference systems in the perturbation theory are usually taken to be hard-sphere systems [6] , accurate equations of state for hard-sphere models are needed as inputs. Many analytical and empirical equations of state have been proposed [6, 7, 10, 11, 14, 15] . For hard-disk fluids, Wang has proposed a simple and accurate equation of state [16] P ρk B T = 1 + 0.128y 2 − 0.06y 4 − 0.11y
where P is the pressure, ρ the number density, T the absolute temperature, k B the Boltzmann constant, , and a is the diameter of the hard disk. The virial coefficients predicted by this equation are in good agreement with the exact ones, with errors less than 0.5%. In the density range 0<ρa 2 ≤0.83, the predicted pressures are in good agreement with the simulation results. For 0<ρa 2 ≤ 0.70, the errors are less than 0.007%. Even at ρa 2 =0.83, the error is only 0.5%.
Of the proposed equations of state for threedimensional hard-sphere fluids, some are simple but inaccurate and some are accurate but complicated [6, 7, 10, 11, 14, 15] . The Carnahan-Starling (CS) equation is the only one that is both simple and accurate [17] . The virial coefficients predicted by this equation were in good agreement with the exact ones obtained before 2005. The pressures predicted by this equation were in good agreement with the simulation results obtained before 2010 [3, 18, 19] . Hence this equation had found wide applications in the studies of liquids. Nevertheless, very accurate numerical results have been obtained in recent years [14, 20, 21] . It was found that the CS equation is not very accurate. The CS equation needs to be improved. In this work, we will show that the CS equation is not a lone result and can be improved successively.
II. BASIC APPROACH
For a hard-sphere fluid, the virial expansion is
where B n is the nth virial coefficient,
, and a is the diameter of the hard sphere.
The scaled-particle theory [22, 23] gives
The Percus-Yevick integration equation for a hard sphere fluid admits an exact solution [24, 25] . Two equations of states obtained from compressibility equation and from virial equation are
Taking a (2/3:1/3) average of the compressibility pressure Eq. (5) 
with 2 = 3 =0, 4 =0.3648, 5 =0.2245, 6 =−0.1849, 7 =−0.6556, 8 =−1.4625, 9 =−2.1872, 10 =−2.225, where n represents the deviation from the predictions of the CS equation and is a monotonically decreasing function of n for n≥4. We see that n is a regular function of n, which indicates that successive improvements on CS equation are possible.
Using these known virial coefficients, we obtain the Padé approximations [4/5] 
where f (y) is a function to be determined. Let us use Weierstrass's theorem to get f (y) [16, 26] . Weierstrass's theorem [27] states that if f (x) is continuous on the closed interval [a, b] , there exists a sequence of polynomials H n (x) such that
This theorem tells us that there exists a set of coeffi-
a nj x j tends uniformly to f (x) as n→∞. According to Chebyshev's theorem [27] , there exists a unique polynomial of the best approximation for the set H n (x) (n≤m).
Since the pressure is a continuous function of density in the whole fluid regime, so
) is a continuous function of density in the whole fluid regime [16] .
There exists a sequence of polynomials H n (y) such that
where H n (y)=1 + a n1 y + a n2 y 2 + · · · + a nn y n is a polynomial of order n in y and ρ f is the freezing density. The polynomial of the best approximation can be obtained as follows. Choose the values of the coefficients of the polynomial and calculate the resulting virial coefficients and pressures. Compare the calculated results with the known numerical results and obtain the errors. Repeat this process till the minimum possible errors are attained. The obtained polynomials of the best approximation are listed in the following. For the set H n (y) (n ≤ 3), the polynomial of the best approximation is the CS polynomial
The CS equation is accurate. It gives the exact second and third virial coefficients. The predicted virial coefficients from B 4 to B 10 are accurate, with errors of 1.99%, 0.80%, 0.46%, 1.23%, 2.13%, 2.55%, and 2.10%, respectively, as shown in Table I . For the set H n (y) (n ≤ 4), the polynomial of the best approximation is
The resulting equation of state is accurate. It gives the exact second, third, and fourth virial coefficients. The predicted virial coefficients from B 5 up to B 10 are accurate, with errors of 0.60%, 0.69%, 0.19%, 0.096%, 0.76%, and 2.14%, respectively, as shown in Table I . For the set H n (y) (n≤5), the polynomial of the best approximation is
The resulting equation of state is very accurate. It gives the exact virial coefficients up to the fifth. The predicted virial coefficients from B 6 up to B 10 are very accurate, with errors of 0.25%, 0.18%, 0.38%, 0.20%, and 0.73%, respectively, as shown in Table I . For the set H n (y) (n≤6), the polynomial of the best approximation is 
The resulting equation of state is very accurate. It gives the exact virial coefficients up to the sixth. The predicted virial coefficients from B 7 up to B 10 are very accurate, with errors of 0.07%, 0.23%, 0.21%, and 0.56%, respectively, as shown in Table I . For the set H n (y) (n≤7), the polynomial of the best approximation is We should point out that these equations of state will fail entirely at the density of the random close-packing state. The reason is as follows. The metastable fluid branch starts at the freezing point and ends at the random close-packing state y=y rcp =0.644±0.005 [28] . As the random close-packing state (rcp) is approached, the pressure diverges as (y rcp −y) −1 . However, these equations of state predict that the pressure does not diverge at y=y rcp and diverges at the unphysical state y=1. Therefore these equations of state will fail entirely at the density of the random close-packing state. These very accurate numerical results reveal that the CS equation is not very accurate. The CS equation needs to be improved. For hard-sphere fluids, the pressure is a continuous function of density in the whole fluid regime. Weierstrass's theorem, Chebyshev's theorem, and referring to the equations of state of the scaledparticle theory and the Percus-Yevick integration equa-tion, demonstrate that there exists a sequence of polynomials such that the equation of state is given by the limit of the sequence of polynomials. The polynomials of the best approximation from the third order up to the eighth order are obtained. The third-order polynomial of the best approximation is precisely the CS polynomial. So the CS equation is not a lone result and can be improved successively. The resulting equations of state are in good agreement with the simulation results on the stable fluid branch. The higher the order of the polynomial of the best approximation is, the more accurate on the stable fluid branch the resulting equation of state is. Although these equations of state are obtained by use of the known virial coefficients, we are surprised at finding that they are still accurate for ρa 3 ≤0.995 on the metastable fluid branch.
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